Abstract Let D be a division ring with centre F. An element of the form xyx −1 y −1 ∈ D is called a multiplicative commutator. Let T (D) be the vector space over F generated by all multiplicative commutators in D. In [1], authors have conjectured that every division ring is generated as a vector space over its centre by all of its multiplicative commutators. In this note it is shown that if D is centrally finite, then the conjecture holds.
Introduction
Throughout this paper D is a division ring with centre F. An element of the form xyx −1 y −1 ∈ D is called a multiplicative commutator, and [D, D] denote the additive commutator subgroup of D. Also we denote by T (D) the vector space generated by the set of all multiplicative commutators of D over F. An element a ∈ D is said to be algebraic over F if a satisfies a non-zero polynomial in F [x] . A set S ⊆ D is called algebraic if each of its elements is algebraic over F. When K is a finite-dimensional extension of F, then we denote by T r K/F , the regular trace of K over F. If a ∈ D, then F (a) denotes the subfield of D generated by F and {a}.
The division ring generated by additive commutators or multiplicative commutators of D is the whole D [5, pp. 205, 211] . In the algebraic and zero characteristic case, it was proved that D is generated as a vector space over the centre by the union of its additive commutators and the unity, see [2] . In [1] , the first author and his colleagues study the F -vector space T (D) generated by the set of multiplicative commutators {xyx 
They then conjecture that a division ring is generated by all multiplicative commutators as a vector space over its centre, i.e., T (D) = D for any arbitrary division ring. Recently, Hazrat has shown that if
. However, this example disproves the conjecture in general case, but still one can assume that conjecture holds for algebraic division rings. In fact, the case which still has not received answer is about algebraic division rings with characteristic p > 0. In this note, we show that the conjecture is true for centrally finite division rings, i.e. every division ring finite dimensional over its centre could be recovered as a vector space by its all multiplicative commutators.
We start with following result.
Theorem 2. Let D be an algebraic non-commutative division ring over its centre
Proof. First note that if F is finite, then D is commutative, a contradiction. Hence we may assume that F is infinite and let a ∈ D, x ∈ T (D) be arbitrary. We show that ax − xa ∈ T (D). If ax = xa, then we E-mail Addresses: mehdi.aaghabali@ed.ac.uk, z tajfirouz@yahoo.com The first author acknowledges the ERC grant 320974.
have nothing to prove. Otherwise, for every r ∈ F we have 0 = r(axa
Since T (D) is invariant under conjugation, for every r ∈ F we obtain that
Now, since a is algebraic over F we have dim F F (a) = n < ∞. Thus by Theorem 1, for every r 1 , . . . , r n , (a− r 1 ) −1 , . . . , (a − r n ) −1 are linearly independent and consequently are basis for F (a) over F. Therefore, for every a / ∈ C D (x), (axa 
It is known that if D is a centrally finite division ring, then [D, D] is a hyperspace. Indeed, let D be a division ring of dimension n 2 over its centre F and suppose that K is a splitting field for D, i.e.
Theorem 3. Let D be a division ring finite dimensional over its centre F. Then D is generated as a vector space by all of its multiplicative commutators over F, i.e. D = T (D).
Proof. Assume that F is finite. Then D is finite and by the Wedderburn's Little Theorem must be commutative and there is nothing to prove. So, we may assume that F is infinite. 
. Let b be a non-central separable element in D. Then since F (b) is a maximal subfield containing some elements with non-zero trace, we find that F (b) L. Therefore, argument similar to the proof of Theorem 2 shows that there exists an element x ∈ L, which does not commute with b, and (bxb 
